COHOMOLOGY OF SPLIT GROUP EXTENSIONS AND 
CHARACTERISTIC CLASSES 



NANSEN PETROSYAN 

Abstract. There are characteristic classes that are the obstructions to the vanishing 
of the differentials in the Lyndon-Hochschild-Serre spectral sequence of a split extension 
of an integral lattice L by a group G. These characteristic classes exist in the r-th 
page of the spectral sequence provided that the differentials di = for all i < r. When 
L decomposes into a sum of G-sublattices, we show that there are defining relations 
between the characteristic classes of L and the characteristic classes of its summands. 



1. Introduction 

Suppose G is a group and L is a finite rank integral ZG-lattice. Let F = L ><j G be the 
semidirect product group induced by the action of G on L. Our objective is to analyze 
the split group extension 0—>-L—>-r^G^l and its associated Lyndon-Hochschild- 
Serre spectral sequence {i?*, d^}. In [Ij we showed that when G is a cyclic group of prime 
order, the spectral sequence with integral coefficients collapses at E2 without extension 
problems. In fact, our proof stated in P applies not only to integral coefficients, but to 
all coefficient modules in a certain category which we denote by AdpiL, G). This category 
is essential in the definition of characteristic classes (see Theorem 2.2). It consists of all 
finite rank FF-lattices M on which L acts trivially, where F is a given principal ideal 
domain. In particular, F as a trivial FF-module is an object of AipiL, G). 

Let us now suppose that L decomposes into a sum of ZG-sublattices; L = L' ® L" . 
Let {Fj^.d^ and be the Lyndon-Hochschild-Serre spectral sequences associated 

to the respective semidirect product groups L! yi G and L" x G. The goal of the present 
paper is to find necessary and sufficient conditions on the latter defined spectral sequences 
such that {E^, (i*} has no nonzero differentials up to a given page. 

In section 2, we define characteristic classes f*(F), introduced by Charlap-Vasquez 
and Sah (see [2] and [3]), that are the obstructions to the vanishing of the differen- 
tials in {E^.,d^}. These classes exist and lie in the images of the differentials d^'* : 



Date: June 18, 2009. 

Key words and phrases, spectral sequence, group cohomology. 



COHOMOLOGY OF SPLIT GROUP EXTENSIONS AND CHARACTERISTIC CLASSES 



2 



E^.'\Ht{L, F)) E^'^-'^+^HtiL, F)) provided that the differentials d*/ vanish for all 
i < r and for all coefficient modules in AiF{L,G). Our main result is the following 
decomposition theorem. 

Theorem 1.1. Let G be any group. Assume L' and L" are ZG-lattices of finite rank and 
L = L' ® L". Let r > 2 and t > 0. 

(a) Suppose v\{L') = vl{L") = for all i,j < t and for all k < r. Then ^2"^ = 
■ ■ ■ = fi*^ = for all s > 0, all m < t, and all coefficient modules in M.p{L, G). 
Additionally, 

i+j=t 

(b) Suppose vl{L) = for all k < r. Then d^'^ = djf'^ = for all s > 0, all A; < r, and 
all coefficient modules in ^AF{L,G). Additionally, 

vl{L') = D':{vl{L)) and vl{L") = D": {vl{L)) . 

In section 3, we define the FG-equivariant homomorphisms G'j" ^ C"^, D'^, and D"^' 
that induce the maps {C'/)* ■ F;^''"'+' ^ E'/-''+\ {C-''), : e'^'^^~'+^ ^ E'/-''+\ D'; : 
j^s,t-r+i _^ E2'^~'^~^^, and D'^"^ : Fg'* "^^^ Fg*'* respectively. The homomorphisms 
C'j^ and Cp were first considered by Charlap and Vasquez in [2]. They showed that the 
sum formula holds when r = 2. We use a different approach to generalize this result to 
all pages of the spectral sequence and also to prove a converse. 

The problem of establishing the collapse of {i?*, rf*} in general can be a difficult one. The 
spectral sequence can have nonzero differentials even when G is abelian. For instance, 
Totaro proved in [3] that for any prime number p and G = Cp, there is a semidirect 
product group F = L x such that in the associated Lyndon-Hochschild-Serre spectral 
sequence with Zp coefficients there always exist nonzero differentials at Ep or later. 

A question, first posed by Adem (see [1]), that is still open is whether the spectral 
sequence collapses integrally at E2 without extension problems when G is an arbitrary 
finite cyclic group. In view of our results, we can make the following 

Conjecture 1.2. Let C„ be a cyclic group of order n and let L be a finite rank inte- 
gral lattice. The Lyndon-Hochschild-Serre spectral sequence {E^,d^} of any split group 
extension 0-^L^F^C„^l collapses at E2 for all coefficient modules in Aip{L, Gn)- 

Note that part (a) of Theorem 1.1 reduces this conjecture to the case where L is an 
indecomposable ZC„-lattice (see Corollary 4.2). 
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2. Preliminary Results 

Henceforth, let G be any group and let L be any finite rank integral ZG-lattice. Denote 
by r the associated semidirect product L y\ G. Suppose F is a principal ideal domain. 
For each FF-module M we have the Lyndon-Hochschild-Serre spectral sequence 

El'\M) = HP{G, H\L, M)) =^ H^+^T, M). 

In the proof of our main result, we make use of the multiplicative structure of this 
spectral sequence. Namely, any F-pairing of FF-modules A, B, and C 

■■A®fB^C, 

determines an F-pairing 

E^^^A) ®F Ef{B) £;f+^'''+*(C). 

In addition, for the differential and for each a G E^''^[A) and h e Ep^[B) we have the 
product formula 

<+^'«+*(a • b) = <'«(a) -6 + {-ly+'^a ■ dp\b). 

We denote by M.p[L, G) the category of all FF-modulcs M. such that M is a finitely 
generated free F-module and L acts trivially on M. In particular, F with a trivial F- 
action is a module in this category. A4p{L, G) has the property that if M G A4p{L, G), 
then Hi{L, M) and H\L, M) = RompiHiiL, F),M) are also in MpiL, G). Observe that 
the projection of F onto G induces an equivalence between this category and the category 
of all finite rank FG-lattices. 

Let t > and r > 2. Set M = Ht{L,F) ^ A*(L) F. Assume d^'* = for all 
2<A;<r — 1. By applying the Universal Coefficient Theorem it follows 

E'/iH,iL,F)) = E'/mL,F)) 

= H\G,H\L,Ht{L,F))) 

^ H%G,Romp{Ht{L,F),Ht{L,F))) (by UCT) 

^l{ompG{Ht{L,F),Ht{L,F)) 

^ HomFG( A* (L) F, A*(L) (g) F). 
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Definition 2.1. With the preceding assumptions, let id* : A*(L) (g) F — > A*(L) ® F be 
the identity homomorphism. Identifying along the above isomorphisms, denote by [/] the 
class in E^'\Ht{L, F)) corresponding to a map / G HomFG'(A*(L) (g) F, A*(L) (g) F). Then 
f*(L) := (i°'*([id*]) G El'/^^'^^{Ht{L, F)) is said to be a characteristic class of the spectral 
sequence {F^, c^r}- 

Characteristic classes were first considered by Charlap and Vasquez in [2], but only in 
the case when r = 2. Sah in [3] extended their definition to all r > 2 by proving the 
following key theorem. 

Theorem 2.2. (Sah, 1972, [3]) Let {E^,d^} be the Lyndon-Hochschild-Serre spectral 
sequence of the extension O^L— ^F-^G^l. Suppose there exist integers r > 2 
and t > such that (ig * = ■ ■ ■ = d^'^ = for all s > and for all coefficient modules in 
Mf{L,G). 

(a) There is a canonical epimorphism 

e : Ep°{H\L, M)) Ep\M) for all s > and for all M G Mf{L., G). 

(b) We have 

dl\x) = {-iyyvl{L), 
for all X G E'/{M), all M G A^F(i^, G), and all y G E'/{H\L, M)) with = 

(c) Let a : H ^ G he a, group homomorphism which converts L into a Zif-module. 
Assume = • • • = (i^-i = holds for all s > and for all objects in M.p{L, H). 
The characteristic class wl{L) for the category AipiL, H) is then the image of 
f*(L) under the map induced on the spectral sequences. 

Note that, with the assumptions of the theorem, characteristic classes vl.{L) are ob- 
structions to the vanishing of the differentials dp^ for all integers s > 0. The following 
corollary is an immediate consequence of Sah's theorem. 

Corollary 2.3. Let t > 0. The Lyndon-Hochschild-Serre spectral sequence {£■=,<, rf*} has 
dp^ = for all s > 0, all r < n, and all M G AiplL, G) if and only if the edge differentials 
d°/ : E^'\Ht{L, F)) Ep'-'-^^HtiL, F)) are zero for all r < n. 

Corollary 2.4. Suppose ip : L ^ T is the natural inclusion. Given an integer t > 0, the 
following statements are equivalent. 

(a) In {E^,, d^}, the differentials dp^ vanish for all r,s > and all M G AipiL, G). 
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(b) V?* : H\T, M) H\L, M) maps onto H\L, M)^ for all M E Mf{L, G). 

(c) if* : H\T, Ht{L, F)) H\L, Ht{L, F)) maps onto the G-invariants H\L, Ht{L, F)f. 

Proof. Clearly (b) implies (c) . Note that the map (f* is given by the composition 

H\T, M) E^J{M) = £;"+2(A'f) C ■ ■ ■ C E^'\M) = H\L., Mf C H\L, M). 

If d'/ = for all r,s > and all M G Mf(L,G), then ^^*(M) = ^°;*2(M) = ■•• = 
E^'\M) for all M G A^^(L,G). Hence, (a) implies (b). To prove that (a) follows 
from (c), assume cp* : H\T, Ht{L, F)) H\L, Ht{L, F))'-^ is onto. Then by the above 
composition we have E^\Ht{L,F)) = £;°|*2(i/i(L, F)) = ... = E^'\Ht{L, F)). This 
shows that d'^/ : E^'\Ht{L,F)) E'/-'-+\Ht{L, F)) is zero for all r > 2. By the 
previous corollary dp* = for all s > 0, r > 2, and M e Mf{L, G). □ 



Suppose L is a direct sum of ZG-sublattices L' and L". In this section we derive 
relations between the characteristic classes of L and the characteristic classes of L' and 
L". 

For convenience, we use A*(L) to denote A*(L) (g) F. Recall that there is a standard 
FG-module decomposition 



Definition 3.1. Given integers i,j>0 and r > 1, define FG-equivariant homomorphisms 



3. Decomposition Theorem 



A"(L) ^ A*(L') ® AJ(L"). 



i+j=n 



C'[ : Homj.(A*(L'),A*+"-^(L')) ^ Homj.(A*+^(L), A*+^' 



by 




and 



: Homf(A^(L"),A^+"-^(L" 



)) ^ Homi.(A^+^(L),A^+^'+'-^ 
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X (g) f{y) if a; e A'(L') and y e ^^{L") 
otherwise. 



Let r' = L' XI G and T" — L" xi G. There are associated spht exact sequences of groups 
^ L' ^ r' ^ G ^ 1 and ^ L" ^ T" ^ G ^ 1. 

Suppose vl{L') and vl{L") are the respective characteristic classes of the Lyndon-Hochschild- 
Serre spectral sequences {E'^^d!^} and {E'l^d!'^} corresponding to these extensions. Let 
i' : L' L he the natural inclusion and let p' : L — > L' be the natural projection. 
Similarly, define i" : L" ^ L and p" : L — > L" . As a straightforward application of the 
definitions, we obtain the following lemma. 

Lemma 3.2. The map C'^ : Homj.(A*(L'), A'+'-^lL')) ^ Homi.(A^(L), A^+'-i(L)) is 
given by the composition p'* o i^, where 

Homp(A^(L'), A^+'-'(L')) ^ Homp(A^(L'), A^+'-'(L)) ^ Hom^^(A^(L), A^+'-^(L)), 
and Gq'' is the composition p"* o i'^', where 

Hom^^(A'(L"), A^+'-^(L")) ^ Hom^ (A^(L"), A^+'-^(L)) ^ Homj.(A^(L), A^'+'-^(L)). 

Proof. Suppose / G Homir(A^(L'), A^+''-i(L')). For any x E A*(L') and y E A°(L"), 
{p'* o ® y) = y{i'M){x)) = y{f{x) ® l) = f{x) ®y = C','{f){x ® y). The second 

assertion of the lemma follows analogously. □ 

Definition 3.3. Given integers i,j>0 and r > 1, let A^+'^V : A^+''-^(L) ^ A^+'-^(L') 
and A^+''~V' ■ A-'+''~-'^(L) — > A-'''"^~^(L") be the maps induced by the projections p' and 
p", respectively. Define FG-equi variant homomorphisms 

D'"- : Homi.(A^(L), A^+"-'(L)) ^ Homi.(A^(L'), A^+'~'(L')) 

by 

= A^+^-V(/(a; ® 1)) for all x E a\L'), 
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and 

: Hom^(A^(L), A^+"-i(L)) ^ Hom^(A^(L"), A^+''-^(L")) 

by 

D"'{f){y) = A^+'-y (/(I ® y)) for all y e A\L"). 
Lemma 3.4. The map D'^ is given by the composition p'^ o i'*, where 

Hom(AXL), a'+'-^(L)) ^ Hom(A'(L'), a'+'-^(L)) ^ Hom(AXL'), A'+'-^(L')), 
and D"^ is the composition p" o t"*, where 

Hom(A^(L), A^+'-^(L)) ^ Hom(A^(L"), A^+'-^(L)) ^ Hom(A^(L"), A^+'-^(L")). 
Proof. This is an immediate consequence of the definitions of D'^ and D"'^. □ 

Proposition 3.5. Let i > and r > 2. Suppose E'/^\M) = e'^'\M) and Ep\Hi{L, F)) = 

E^'\Hi{L, F)) when (s, t) = (0, ?;) and when (.s, ^) = (r, ? - r + 1), for M = //^(L', F) and 
for M = i/i(L, F). Then d^'* o (Cq^), = (C^^), o d^O'* and o = D^'' o d^/. 

Proof. The first claim asserts that the following diagram commutes. 

M.i 

H\G,H'{L',Hi{L',F))) {G , H'-''+\L' , Hi{L' , F))) 



(Co'-)* 



H%G,H%L,Hi{L,F))) {G, H'-'+\L, Hi{L, F))) 



By Lemma 3.2, we know that the map (Cg*)* is induced by the inclusion l' : V ^ L and 
the projection p' : L ^ L' . Hence, this diagram is the outer square of the commutative 
diagram below. 
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H°{G,H'{L',Hi{L',F))) H"- {G , H'-''+\L' , Hi{L' , F))) 

H%G,H^{L',H,{L,F))) H'' {G, W-'+\L\ H,{L, F))) 

p'* p'* 

H°{G,H'{L,Hi{L,F))) H-{G, H'-'+\L, H,{L, F))) 

The second claim follows by a similar argument using Lemma 3.4. □ 

As previously noted, the category A4f{L,G) can be identified with the category of 
all finite rank FG-lattices. In view of this, we will not distinguish between A4p{L' ,G), 
Mf{L",G), and Mf{L,G). 

Lemma 3.6. There are natural morphisms of spectral sequences n'* : El Er, (p'* : 
Er El and tt"* : E'^ Er, (j)"* : Er E'^, such that for all r > 2, all s > 0, and all 
coefficient modules in M.f{L,G), 

dl'^' = (j)'* o dp' o n'* and = 0"* o dp' o n"*. 

Proof. We observe that the map l' induces a natural inclusion (j)' : V ^ T and the map p' 
induces a natural projection tt' : F ^ F' such that the composition tt' o 0' is the identity 
map on F'. Let 99 : L — F and ip' : L' ^ F' be the canonical inclusions. It follows that 
(j)' o ip' = If o i' and tt' o = p' o p' . Hence, the homomorphisms (f)' and tt' give rise to 
spectral sequence morphisms (f)'* : E^ ^ E'^ and tt'* : E'^ ^ E^, such that (j)'* o tt'* is the 
identity morphism on {E^, d'^}. Then, d'r'' — 0'* o tt'* o c?^*'* — (j)'* o dp' o tt'*. Analogously, 
i" and p" induce an inclusion (j)" : F" — > F and a projection tt" : F — > F", respectively, 
such that the composition n" o 0" is the identity map on F" and d'l^'' — 4>"* o dp' o tt"*. □ 

We are now ready to prove our main result. 

Theorem 3.7. Recall that G is an arbitrary group, and that L is a ZG-lattice of finite 
rank that decomposes into a direct sum of the ZG- lattices L' and L" . Let r > 2 and 
t > 0. 
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(a) Suppose vl{L') = vKL") = for all i,j < t and for all k < r. Then = 
■ ■ ■ — dl'"[ = for all s > 0, all m < t, and all coefficient modules in A4f{L, G). 
Additionally, 

i+j=t 

(b) Suppose vl.{L) = for all k < r. Then d^''^ = dpf'^ = for all s > 0, all A; < r, and 
all coefficient modules in A4f(L,(7). Additionally, 

vl{L') = D':{vl{L)) and vl{L") = Dl^UiL)). 



Proof. To show part (a), we will use induction on A; > 2 to prove that v^^\L) satisfies the 
sum formula for all m < t and all k < r. For each k <r, since vl{L') = vl{L") — for all 
ij < t, this will imply v^{L) = and hence, by Theorem 2.2(b), d^'"" = for all s > 0, 
all m<t, and all M e Mf(L, G). 

Suppose (is'"" = ■ ■ ■ = 4'™ = for all s > 0, aU m < t, and ah M e Mf{L,G). 
Recall that t'^(L) = rf°'"'([id™]), where id™ G Homre(A'"(L), A"(L)) is the identity map. 
Similarly vKL') = d'^'\[id'']) and vi{L") = 4°'^([id"^']). Consider the decomposition 
id"* = ^ idij, where idy : A'+^{L) A'+^{L) is the F-hnear map given by 

i+j=m 



x®y if a; e A^(L') and y e A-^^L") 
otherwise. 



Given j > 0, let .X G A*(L') and y G A^{L"). Then, idy(x(g)2/) = = A(l(g)?/) = 

C^i(id")(.x ® 1) A C^\id"'){l ® y). This implies [id^] = (C^)*([id"]) • (C^^)*([id"^]) G 
H%G, H'+^{L, Hi+j{L, F))), and thus 



E (C^^)*([id'1)-(Cr)*([id"^]). 

i+j=m 



By applying the product formula for the differentials, we compute 
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i+j=m 

= E ^^((C^')*([id1)-(0*([id"^])) 

i+j=m 
i+j—m 

= E ((C)*(4°'^([id'i)) ■ (cr)*([id"^]) + {-lyK'um ■ (cf ).K°'^aid"^]))) 

i+j=m, 

= E ■ (^^o')*([id"^]) + (-l)^(C^')*([id1) ■ {Ci;%{vi{L"))) 

i+j—m 
i+j=m 

The last equality follows from the definitions of C'^* and C'^* and the fact that id'* and 
id""* are identity maps. 

To prove (b), we will use induction on A; > 2 to show that v\.{L') = D'^{v\.{L)) and 
vl.(L") = D'^J {vl.{L)) for all k < r. By Theorem 2.2, for each k < r and for all s > this 
will imply that d^'* = djf'^ = for all coefficient modules in AiF{L,G). Note that this 
assertion also follows from Lemma 3.6. 

For the identity map id'* : A*(L') — A*(L'), we have id'*(x) = x = A^p'{x 1) = 
Ay(id*(x ® 1)) = D'i(id*)(x) for all x G A\L'). This implies [id'*] = D'^\[id']) G 
E'^'\Ht{L',F)). Thus, it follows 

viiL') = 4°'*([id'1) = 4°' ° i^?([id*])'='D? o d°'*([id*]) = D:\viiL)). 
By an analogous argument, v\{L") = D'1^{v\.{L)). □ 

Remark 3.8. Using the same assumptions as in Theorem 3.7(a), the sum formula can 
be simplified. Since = = g, vl{L') = vi{L") = holds a priori for 

all i,j < r — 1. It is an easy exercise to check that d'^'^'^^ = and d'^'^''''~^ = for all 
M e A4p{L,G), since they are differentials with target in the 0th row (see Prop.l, ^). 
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Therefore, v^^^^L') = vl~^{L") = and we have 

i+j=t 

i+j=t—r i+j=t—r 
i+j=t-r 

4. Some Corollaries 

Theorem 3.7 has particularly interesting applications if characteristic classes of the ZG- 
lattices L', L", and L are viewed as obstructions to the vanishing of the differentials in 
the associated Lyndon-Hochschild-Serre spectral sequences. We use the same notation as 
before. 

Corollary 4.1. Let r > 2. If vi{L') = vl{L") = for all i,j e [k,r] and for all k < r, 
then 4'"" = • • • = = for all s > 0, all m < r, and all M e Mf{L, G). Moreover, 

Proof. This is a direct consequence of Theorem 3.7 and the preceding remark. 

□ 

A consequence of Lemma 3.6 is the fact that when the differentials in the Lyndon- 
Hochschild-Scrrc spectral sequence d*} arc all zero, the same is true for the spectral 
sequences corresponding to the ZG-sublattices L' and L" . The next corollary gives us a 
converse. 

Corollary 4.2. Suppose Vp{L') = Vg{L") = for all p < dim(L'), all q < dim(L"), 
and all t > 0. Then rff = for all M G Mf{L,G), all s,t > 0, and all k > 2. 
Moreover, if in addition {E^,, d^} has no extension problems, then for every n > and for 
all M e Mf{L,G) we have 

i/"(r,M)= H\G,H\L,M)). 

i+j=n 

Proof. Since 't;*(L') = dp°'*([id'*]) e EP'^-P+\Ht{L' , F)) , this class lies in the image of the 
map 

d'^'' : H%G,H\L',H,{L',F))) ^ {G , H'-p+\L' , H,{L' , F))) . 
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Note that d^'^ = when t > dim(L') or p > t + 1. li p = t + 1, then d^_fi = 0, since it 
is a differential with a target in the 0th row (see Prop.l, [3]). Therefore, if v*{L') = 
for all p < dim(L'), then all characteristic classes of the spectral sequence {El,d'^,} are 
zero. A similar argument shows that all characteristic classes of {E",d"} are zero when 
w*(L") = for all q < dim(L"). □ 



Corollary 4.3. Let t > 0. Set T' = L' x G and V" = L" x G. Let ip' : L' ^ T' , 

if" : L" r", and tp : L ^ T he the natural inclusions. 

(a) If^'* : H"'{r\HUL',F)) ^ H^{L' , H^L' , F)f and : H"' {T" , H^L" , F)) ^ 
H'^iL", Hm{L", F))^ are surjective for all m < t, then if* : H"'{T, M) H'^iL, M) 
is surjective for all m < t and for all M G M.p{L, G). 

(b) If : H\T,M) H\L,M)^ is surjective, then cp'* : H\T' , M) H\L',Mf 
and if"* : H\T" , M) H\L", Mf are surjective for all M e Mf{L, G). 

Proof. To prove (a), we observe that Corollary 2.4 implies vl{L') = vi{L") = for all 
r > and for all i,j < t. Then, by Theorem 3.7, dp^ = for all r,s > 0, all m < t, and 
all coefficient modules in JiAf{L, G). Applying again Corollary 2.4 finishes the proof. 

For part (b), let l'* : H\L,Mf H\L',Mf, tp'* : H\T,M) H\T',M), and 
p'* : H\L',M)'^ H\L,M)'^ be the induced maps of the inclusions l' : V ^ L, 
0' : r' — i> r, and the projection p' : L ^ L', respectively. Then, we have tp'* o(f)'* = i'* otp* . 
Since l'* op'* is the identity map on H^{L',M)'-^, l'* is surjective and hence l'* o tp* is 
surjective. The previous equality shows that tp'* is also surjective. Similarly, it follows 
that (p"* is surjective. □ 

Given an arbitrary finite rank integral ZG-lattice L, Lieberman's result (Thm.4, [3j) 
states that in the associated Lyndon-Hochschild-Serre spectral sequence {E^:, d^}, for any 
s,t > and r > 2, the image of the differential dp^ is a torsion group annihilated by the 
integers m^~''"~^^ {m'^~^ — 1) for all m G Z. Using this fact, it was proved in [3] that if F is 
a field of nonzero characteristic p, then dp^ = for all s, t > and all r < p. The next 
corollary follows from combining this result with the sum formula of Remark 3.8. 

Corollary 4.4. Let F be a field of nonzero characteristic p. Assume L' and L" are 
ZG-lattices of finite rank and L = V ® L" . 

(a) dp^ = for all s, t > 0, all r < p, and all M G Mf{L, G). 
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i+j=t-p 

for all M e Mf{L,G), for all x e E^^\M), and for all y e Ef{H\L,M)) such 
that 9{y) — x. 

□ 
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